In this paper we prove the existence of two new families of spatial stacked central configurations, one consisting of eight equal masses on the vertices of a cube and six equal masses on the vertices of a regular octahedron, and the other one consisting of twenty masses at the vertices of a regular dodecahedron and twelve masses at the vertices of a regular icosahedron. The masses on the two different polyhedra are in general different. We note that the cube and the octahedron, the dodecahedron and the icosahedron are dual regular polyhedra. The tetrahedron is itself dual. There are also spatial stacked central configurations formed by two tetrahedra, one and its dual.
Introduction
We consider the spatial N -body problem
. . , N , where q k ∈ R 3 is the position vector of the punctual mass m k in an inertial coordinate system, and G is the gravitational constant which can be taken equal to one by choosing conveniently the unit of time. We fix the center of mass 
Central configurations play a main role in celestial mechanics, the transition of behaviour or bifurcations of a N -body system happens at central configurations, total collapse and some kind of escapes are asymptotic to central configurations. We also must mention that they generate the homographic solutions, i.e. solutions where the configuration of the bodies is central for all time, in other words the configuration is similar with itself for all time, these are the unique explicitly solutions of the N -body problem known until now (see [14] for more details).
The simplest spatial central configuration for the 4-body problem for 4 arbitrary masses is the tetrahedron, actually this is the unique spatial central configuration for N = 4 (modulo homotheties and rotations). In general for N ≥ 5, N equal masses at the vertices of a regular polyhedron of N vertices always form a central configuration (see [1] ). For N ≥ 5 many particular central configurations have been discovered, but still is interesting to find new classes of central configurations.
In the literature the reader can find several papers studying spatial central configurations consisting of nested regular polyhedra, see for instance [2, 3, 4] and the references therein.
Another important class of central configurations are the so called stacked central configurations, where a proper subgroup of particles form by themselves a central configuration. They were introduced by Hampton in 2005 in a planar five problem [6] , since then they have been studied by many authors, see for instance [5, 13, 10] for some planar stacked central configurations and [17, 15, 11, 12, 7] for some spatial stacked central configurations. In this paper we are interested in a particular class of spatial stacked central configurations formed by two dual regular polyhedra; that is, the vertices of one polyhedron correspond to the faces of the other one and viceversa. More precisely, we will study central configurations formed by a cube and its dual, the octahedron. We will also analyze the central configurations formed by the dodecahedron and its dual, the icosahedron. Since both regular polyhedra are by itself a central configuration, the above classes form a bi-stacked central configurations. As far as we know, this is the first time that this kind of central configurations are detected with two different dual polyhedra, because for the tetrahedron such kind of central configurations where studied in [4, 16] . Note that the dual of a regular tetrahedron is another regular tetrahedron facing in the opposite directions.
Let P n 1 denote a regular polyhedron with n 1 vertices. The simplest way to create the dual polyhedron of P n 1 is by finding the barycenter of each of its faces, and then connecting these barycenters so that they become the vertices of the new dual polyhedron, which we denote by P d n 1 .
Definition 1. Given a central configuration formed by two dual regular polyhedra P n 1 and P d n 1 , we say that it is of (see Figure 1 ):
• Type B if the faces of P d n 1 intersect the faces of P n 1 .
• Tipe C if P d n 1 is outside P n 1 .
The main result of this paper is the following.
Theorem 2. We consider n 1 masses equal to M at the vertices of a regular polyhedron P n 1 of n 1 vertices. Without loss of generality we can assume that M = 1. We consider n 2 additional masses equal to m at the vertices of the dual polyhedron P d n 1 scaled by a factor a, then the following statements hold.
(a) For each regular polyhedron P n 1 we can find a function m(a) and a non-empty set D ∈ R + such that for all a ∈ D the configuration formed by the vertices of P n 1 and P More information on the central configurations described in Theorem 2 is provided in Theorems 4 and 6 of Section 2 for the cube and the octahedron, in Theorems 8 and 10 of Section 3 for the dodecahedron and the icosahedron, and in Theorems 11 and 12 of Section 4 for the tetrahedron.
Central configurations formed by a cube and an octahedron
We consider 8 equal masses m 1 = · · · = m 8 = 1 at the vertices of a cube with positions
We consider 6 additional equal masses m 9 = · · · = m 14 = m at the vertices of a regular octahedron with positions
for some a > 0. It is easy to check that the center of mass of these two polyhedra is located at the origin of coordinates. After some computations we can see that for this kind of configuration equations (1) become
where R 1 = a 2 − 2a + 3 and R 2 = a 2 + 2a + 3. We compute λ from the first equation of (2) and we substitute it into the second equation. The resulting equation can be written as m f (a)+g(a) = 0 where
the faces of P d n 1 and 
The solution of (2) given by (3) Next we analyze the sign of the functions f and g for a > 0.
Lemma 3. The functions f and g satisfy the following properties for a > 0 (see the graphs of f and g in Figure 2 ).
(a) The functions f and g are defined for all a > 0.
(c) Let
Proof. It is easy to check that equations R 1 = 0 and R 2 = 0 have no real solutions, so R 1 > 0 and R 2 > 0 for all a ∈ R. Therefore f and g are defined for all a > 0. This proves statement (a). By solving equation f (a) = 0 (see Appendix A) we get two real solutions with a > 0, a = α 1 and a = α 2 . Then by analyzing the sign of f for a > 0 we get statement (b).
Finally we solve equation g(a) = 0 and we get also two real roots with a > 0, a = β 1 and a = β 2 (see Appendix B). By analyzing the sign of g for a > 0 we get statement (c).
¿From Lemma 3 we see that m(a) > 0 when a ∈ (0, β 1 ) ∪ (α 1 , β 2 ) ∪ (α 2 , +∞). In short we have proved the following result.
Theorem 4. For each a ∈ (0, β 1 )∪(α 1 , β 2 )∪(α 2 , +∞) we can find a unique value of m = m(a) = −g(a)/f (a) such that the configuration formed by the cube nested with an octahedron is central. The central configuration is of Type A when a ∈ (0, β 1 ), it is of Type B when a ∈ (α 1 , β 2 ), and it is of Type C when a ∈ (α 2 , +∞) (see Figure 1 ).
We note that Theorem 4 corresponds to statement (a) of Theorem 2 for the cube and its dual polyhedron, the octahedron. If in Theorem 4 we replace m by 1/m and a by 1/a, then we obtain statement (a) of Theorem 2 for the octahedron and its dual polyhedron, the cube. 
Proof. Statement (a) follows from Lemma 3(c), and statements (b) and (c) follow immediately from the computation of the corresponding limits. The derivative of m becomes m ′ (a) = − g(a)/f (a) 2 where Then by analyzing the sign of g(a) for a > 0 (remember that we only are interested in positive values of a) we get that g(a) > 0 when a
¿From Lemma 5 and Figure 3 we have that m increases from 0 to µ 1 when a ∈ (0, γ 1 ), it decreases from µ 1 to 0 when a ∈ (γ 1 , β 1 ), it decreases form +∞ to 0 when a ∈ (α 1 , β 2 ), it decreases from +∞ to µ 2 when a ∈ (α 2 , γ 2 ). Finally m increases from µ 2 to +∞ when a ∈ (γ 2 , +∞). In short we have proved the following result.
Theorem 6. Let α 1 , α 2 , β 1 and β 2 be defined as in Lemma 3, let µ 1 and µ 2 be defined as in Lemma 5(d), and let We note that Theorem 6 corresponds to statement (b) of Theorem 2 for the cube and its dual polyhedron, the octahedron. As above if in Theorem 6 we replace m by 1/m and a by 1/a, then we obtain statement (b) of Theorem 2 for the octahedron and its dual polyhedron, the cube.
Central configurations formed by a dodecahedron and an icosahedron
We consider the dodecahedron with vertices
where φ = (1 + √ 5)/2 is the golden ratio. Now we construct its dual icosahedron. The dodecahedron is composed by 12 regular pentagonal faces. Let F {i, j, k, ℓ, m} denote the face of the dodecahedron corresponding two the pentagon with vertices i, j, k, ℓ, m and let K i be the barycenter of this pentagon. The 12 faces of the dodecahedron and its corresponding barycenters are given in Table 1 .
We It is easy to check that the center of mass of these two polyhedra is located at the origin of coordinates. After some computations we can see that the equations of the central configurations (1) for the configuration formed by the q i with i = 1, . . . , 32, become
Face Barycenter F {1, 2, 9, 13, 14} K 1 = 0, 2φ 2 + 2φ + 1 5φ , φ + 2 5 F {1, 3, 9, 10, 17} K 2 = φ + 2 5 , 0, 2φ 2 + 2φ + 1 5φ
F {4, 7, 11, 12, 19} K 9 = φ + 2 5 , 0, − 2φ 2 + 2φ + 1 5φ where
, and R 4 = a 2 − 2 2 − √ 5 a − 6 √ 5 + 15. We compute λ from the first equation of (4) and we substitute it into the second equation. The resulting equation can be written as m f (a)+g(a) = 0 where
The solution of (4) Lemma 7. The functions f and g satisfy the following properties for a > 0 (see the graphs of f and g in Figure 4 ).
(c) Let β 1 = 1.062451 . . . and β 2 = 1.560908 . . . . Then g(β 1 ) = 0, g(β 2 ) = 0, g(a) > 0 when a ∈ (β 1 , β 2 ) and g(a) < 0 when a ∈ (0, β 1 )∪(β 2 , +∞). By doing the same for the function g we get statement (c) (see also Appendix C).
¿From Lemma 7 we see that m(a) > 0 when a ∈ (0, α 1 ) ∪ (β 1 , β 2 ) ∪ (α 2 , +∞). In short we have proved the following result.
Theorem 8. For each a ∈ (0, α 1 )∪(β 1 , β 2 )∪(α 2 , +∞) we can find a unique value of m = m(a) = −g(a)/f (a) such that the configuration formed by the dodecahedron nested with an icosahedron is central. The central configuration is of Type A when a ∈ (0, α 1 ), it is of Type B when a ∈ (β 1 , β 2 ) and when a ∈ (α 2 , 15 − 6 √ 5), and it is of Type C when a ∈ (15 − 6 √ 5, +∞) (see Figure 1 ).
We note that Theorem 8 corresponds to statement (a) of Theorem 2 for the dodecahedron and its dual polyhedron, the icosahedron. If in Theorem 8 we replace m by 1/m and a by 1/a, then we obtain statement (a) of Theorem 2 for the icosahedron and its dual polyhedron, the dodecahedron. 
Working in a similar way as in Appendix C we solve equation g(a) = 0, and we get two real solutions with a > 0, a = γ 1 and a = γ 2 . Then by analyzing the sign of g(a) for a > 0 we get that g(a) > 0 when a ∈ (γ 1 , β 2 )∪(α 2 , γ 2 ) and that g(a) < 0 when a ∈ (0, α 1 )∪(β 1 , γ 1 ) ∪(γ 2 , +∞). This proves statement (d).
¿From Lemma 9 and Figure 5 we have that m increases from 0 to +∞ when a ∈ (0, α 1 ), it increases from 0 to µ 1 when a ∈ (β 1 , γ 1 ), it decreases form µ 1 to 0 when a ∈ (γ 1 , β 2 ), it decreases from +∞ to µ 2 when a ∈ (α 2 , γ 2 ). Finally m increases from µ 2 to +∞ when a ∈ (γ 2 , +∞). In short we have proved the following result.
Theorem 10. Let α 1 , α 2 , β 1 and β 2 be defined as in Lemma 7, let ξ = 15− 6 √ 5, let µ 1 and µ 2 be defined as in Lemma 9(d), let µ 3 = 48.84223 . . . and let (c) For m ∈ (µ 1 , µ 2 ) there is a unique central configuration with a ∈ D 1 (Type A).
(c) For m = µ 2 there are two central configurations, one with a ∈ D 1 (Type A) and other with a = γ 2 (Type C).
(d) For m ∈ (µ 2 , µ 3 ] there are three different central configurations, one with a ∈ D 1 (Type A), one with a ∈ D 5 (Type C), and one with a ∈ D 6 (Type C).
(e) For m ∈ (µ 3 , +∞) there are three different central configurations, one with a ∈ D 1 (Type A), one with a ∈ D 4 (Type B), and one with a ∈ D 6 (Type C).
We note that Theorem 10 corresponds to statement (c) of Theorem 2 for the dodecahedron and its dual polyhedron, the icosahedron. If in Theorem 10 we replace m by 1/m and a by 1/a, then we obtain statement (c) of Theorem 2 for the icosahedron and its dual polyhedron, the dodecahedron.
Central configurations formed by two dual tetrahedra
We consider the regular tetrahedron with vertices
In order to construct its dual tetrahedron we compute the barycenter of each one of its triangular faces. As in the previous section, we denote by F {i, j, k} the face of the tetrahedron corresponding to the triangle with vertices i, j, k and we denote by K i its barycenter. The faces of the tetrahedron and its corresponding barycenters are given in Table 2 . We consider 4 equal masses m 1 = · · · = m 4 = 1 at the vertices of the tetrahedron with vertices q i for i = 1, . . . , 4 and we consider 4 additional equal masses m 5 = · · · = m 8 = m at the positions q i = a K i−4 for i = 5, . . . , 8 and for some a > 0. We note that the barycenters K 1 , K 2 , K 3 and K 4 are the vertices of a new regular tetrahedron which corresponds to the initial one scaled by a factor 1/3 and rotated with the rotation matrix Therefore this configuration corresponds to the configuration of Type II studied in Theorem 2 of [4] , and studied also in [16] .
By writing the results of [4] and [16] but using the notation of this paper we get the following two theorems.
and let α 1 = 2.145669 . . . and α 2 = 19.60823 . . . be the zeros of f with a > 0, and β 1 = 0.4589907 . . . and β 2 = 4.194495 . . . be the zeros of g with a > 0.
For each a ∈ (0, β 1 ) ∪ (α 1 , β 2 ) ∪ (α 2 , +∞) we can find a unique value of m = m(a) = −g(a)/f (a) such that the configuration formed by the vertices of the two dual tetrahedra is central. The central configuration is of Type A when a ∈ (0, β 1 ), it is of Type B when a ∈ (α 1 , β 2 ), and it is of Type C when a ∈ (α 2 , +∞) (see Figure 1) .
We note that Theorem 11 corresponds to statement (a) of Theorem 2 for two dual tetrahedra. We note that Theorem 12 corresponds to statement (b) of Theorem 2 for two dual tetrahedra.
By squaring booth sides of this equation and isolating the terms containing R 3/2 1 we get First we eliminate the denominators of the fractions which appear in f (a) by multiplying equation f (a) = 0 by the least common multiple of all the denominators. We obtain a new equation F 0 = 0, which is a polynomial in the variables a, r 1 , r 2 , r 3 and r 4 . We consider four additional polynomials We solve the system of polynomial equations (C.1) by means of resultants. The resultant of two polynomials P (x) and Q(x) with leading coefficient one, Res[P, Q], is the expression formed by the product of all the differences a i − b j for i = 1, 2, . . . , n, j = 1, 2, . . . , m where a i with i = 1, 2, . . . , n are the roots of P and b j with j = 1, 2, . . . , m are the roots of Q. In order to see how to compute Res[P, Q], see for instance [8] and [9] . The main property of the resultant is that if P and Q have a common root then necessarily Res[P, Q] = 0.
Consider now two multivariable polynomials, say P (x, y) and Q(x, y). These polynomials can be considered as polynomials in x with polynomial coefficients in y. The resultant with respect to x, which is denoted by Res[P, Q, x], is a polynomial in the variable y satisfying the following property: if (x 0 , y 0 ) is a solution of system P (x, y) = 0, Q(x, y) = 0 then Res[P, Q, x](y 0 ) = 0.
In order to solve system (C. We find numerically all real solutions of this polynomial equation obtaining 18 different solutions of which only two are real solutions of the initial equation f (a) = 0 with a > 0. These two solutions are a = 0.9515686 . . . , a = 1.582290 . . . .
We repeat the same steps for the equation g(a) = 0 obtaining in this case a polynomial equation F 3 = C a 4 F = 0, where F is a polynomial of degree 204 in the variable a, and C is a constant.
As above we find numerically all real solutions of this polynomial equation obtaining 19 different solutions of which only two are real solutions of the initial equation g(a) = 0 with a > 0. These two solutions are a = 1.062451 . . . , a = 1.560908 . . . .
